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1 Summary

pyOM2.0 (Python Ocean Model) is a numerical circulation ocean model which was writ-
ten for educational purpose. It is meant to be a simple and easy to use numerical tool
to configure and to integrate idealized and realistic numerical simulations of the ocean in
Boussinesq approximation. Non-hydrostatic situations as well as large-scale oceanic flows
can be considered, Cartesian or pseudo-spherical coordinate systems can be used. Sev-
eral idealized experiments and examples are preconfigured and can be easily chosen and
modified using two alternative configuration methods based on Fortran90 or Python. Pre-
requisites for the installation is a Fortran 90 compiler and the Lapack library, and for the
Fortran front the NetCDF-library (since 10O is realized mainly using the NetCDF format).
For the Python front end, the numerical module numpy is required and several other mod-
ules can be used in addition, e.g. to provide a graphical user interface. Both version are
based on identical Fortran90 code which is fully parallelized based on the MPI-library to
enhance performance.

2 Installation

The following installation procedure to compile pyOM2.0 directly on your system assumes
a Unix system and that all libraries and compilers are available. For both the Fortran and
Python front ends of pyOMZ2.0 you first need to follow the following steps:

e Obtain the source code as tar archive from http://wiki.zmaw.de/ifm/T0/py0OM2.0

e Make a new directory where the model code shall be placed. That directory is called
dir hereafter.

e Extract the tar-archive containing pyOM?2.0 in dir.

An alternative to install pyOM2.0 on your system directly, is to use a virtualbox guest
system. Virtualbox allows to run virtual guest systems on Linux, MacOS and Windows
server and is free for download at www.virtualbox.org. A lightweight Linux guest where
pyOM2.0 is already installed is also provided at http://wiki.zmaw.de/ifm/T0/pyQM2.0.

2.1 Fortran front end

The following steps are needed to use the Fortran front end of pyOM2.0

e Determine which site-specific Makefile options are read by the compiler. Type
echo site_specific.mk_${HOSTTYPE}

to see the file name. The shell variable HOSTTYPE is used to determine the specific
system and is usually set to the name of the system you are using at login. Note
that names might differ between different shells. Edit the global variables in the file



dir/site_specific.mk_${HOSTTYPE} if necessary to set compiler names and options
and to set directories of libraries. See also comments further below. Currently, the
following files for the corresponding systems are provided:

file name HOSTTYPE system

site_specific.mk_i686-1linux i686-1linux 32-bit Linux, tested with Ubuntu and Debian
site_specific.mk_intel-mac intel_mac Mac OSX, tested with my machbook
site_specific.mk_x86_64-1linux | x86_64-1linux | a specific 64 bit Linux server
site_specific.mk_rs6000 rs6000 a specific AIX power pc

e Change directory to dir/for_config and type make <model>, where <model> is set
to one of the example Fortran files in dir/for_src (excluding the suffix .£90).

e Run the executable <model>.x in dir/bin, investigate the output and modify the
model setup.

The platform dependent options in the file dir/site_specific.mk_${HOSTTYPE} contain
information about the path to netcdf library and header files in the variable CDFFLAGS and
information for the path to MPI library and header in MPIFLAGS. The name of the Fortran
90 compiler (usually gfortran or ifort) should be given by the variable F90. Compiler flags
and further libraries such as Lapack are contained in the variables FOOFLAGS. When the
MPI library is not available, a non-parallel version of the Fortran front end of pyOM2.0
can be build by make target=without_mpi <model>. The netcdf library is, however,
mandatory at the moment.

2.2 Python front end

For the Python front end of pyOM?2.0, a number of Python modules are needed. The numer-
ical module numpy is mandatory, the modules mpi4dpy, scipy, Tkinter, matplotlib and
netcdf4 or Scientific.I0.netcdf are optional. For the Python front end of pyOM?2.0,
it is necessary to compile an extension module for Python from the Fortran subroutines
and modules. This can be done by executing make in the directory dir/py_src. Two
extension modules will be build automatically, one with and one without MPI support,
named dir/pyOM_code_MPI.so and/or dir/pyOM_code.so, respectively. For the former,
it is necessary to provide the path to the MPI library and include header files in the
configuration file dir/site_specific.mk_${HOSTTYPE} in the variables F2PY_MPIFLAGS.
Further compiler flags and libraries that are needed are specified in F2PY_FLAGS.

When the extension modules dir/py0OM_code.so and/or dir/pyOM_code_MPI.so are
build, the Python front end can be used by executing python <model>.py in the directory
dir/py_config, where <model> denotes one of the example configurations in the directory
dir/py_config. The extension module dir/pyOM_code_MPI.so contains MPI support
and is loaded automatically when available, otherwise dir/pyOM_code.so is loaded. The
examples in dir/py_config are based on different classes, which differ by using additional
Python modules. The basic class is contained in the Python module pyOM.py and should



work as long as one of the extension modules have been built. Extensions of this basic
class are given by

e py0OM_cdf . py which adds basic netcdf-based 10 to pyOM. py using the Python modules
netcdf4 or Scientific.I0.netcdf.

e py0OM_ave.py which adds time averages to pyOM_cdf . py

e pyOM_gui.py which adds a graphical user interface to pyOM_ave . py using Tkinter.py
and plotting during model execution using matplotlib.

The classes are imported by each of the examples in dir/py_config.

3 Directory structure and model configuration

3.1 Directory structure

The numerical code is distributed over several directories. Here is a list of these directories
and a short characterisation of its content. All references to files or directories are relative
to the directory in which pyOMZ2.0 is located.

e ./for_src: Fortran subroutines used by both Fortran and Python front end

./for_src/main: Main module and subroutines

./for_src/external: Solver for surface pressure or streamfunction
./for_src/non_hydrostatic: Routines for non-hydrostatic terms
./for_src/parallel: Routines for communication between processors
./for_src/density: Routines for equation of state of sea water
./for_src/isoneutral: Routines for mixing along neutral surfaces
./for_src/tke: Small-scale mixing closure by Gaspar et al. (1990)
./for_src/eke: Meso-scale eddy mixing closure by Eden and Greatbatch (2008)
./for_src/idemix: Internal wave mixing closure by Olbers and Eden (2013)
./for_src/diagnostics: Routines for diagnostics (used by Fortran only)

./for_src/etc: Miscellaneous routines

e . /py_src: Python modules and extension modules

e ./py_config: configuration examples of Python front end

e ./for_config: configuration examples for Fortran front end

e ./doc: contains this documentation



e ./bin: contains executable of Fortran front end after successful compilation
e ./setups: contains a few specific realistic setups in subdirectories

The directory ./for_src is again subdivided into several subdirectories containing certain
aspects of the code. The main code is located in ./for_src/main. The top-level program
of the Fortran front end is ./for_src/main/main.f90. Here, the work flow of the main
routines can be seen. The basic class for the Python front end is in ./py_src/py0OM. py,
which does essentially the same as ./for_src/main/main.f90. The main module is lo-
cated in ./for_src/main/main_module.f90, is available to both front ends and contains
all important parameters and model variables. A short description of the most important
model variables can be found in main_module.f90. Other modules containing documen-
tation are ./for_src/tke/tke_module containing everything concerning the small-scale
mixing closure, ./for_src/tke/eke_module, containing prognostic meso-scale mixing clo-
sures, ./for_src/tke/idemix_module, containing the IDEMIX closure for internal gravity
waves, ./for_src/tke/isoneutral_module, containing the along-isopycnal mixing pack-
age, ./for_src/tke/diagnostic_module, containing everything related to diagnostics.
Several other modules will also be build.

3.2 Model configuration

The model configuration is realized by template subroutines (Fortran front end) or tem-
plate methods (Python front end) for which specific realizations are supplied for each
specific experiment. The idea is to keep the whole model configuration in a single source
code file containing all relevant routines. Specific examples can be found in the directory
./py_config and ./for_config. Template Fortran routines and Python methods are
named identical. A complete list of them is given here.

® set_parameter:

sets all important fixed model parameters, like domain size, time step, etc. The
configuration is specified mainly by logical switches, implementing mixing parame-
terizations, hydrostatic approximation, etc. which is explained in detail below. This
routine/method is called only once before allocating the model variables.

e set_grid:

sets the (vertical and horizontal) resolution by specifying the variables dxt, dyt, and
dzt. Units are m for the latter and either also m or degree longitude or latitude for
dxt, dyt, respectively, if the logical switch coord_degree is true. The origin of the
grid in « and y can be set by x_origin and y_origin with corresponding units. Based
in this input, the u-centered grid as detailed below is set up. This routine/method
is only called once during the model setup after allocating the model variables.

® set_coriolis:



sets the Coriolis parameter in the double precision fields coriolis_t and coriolis_h.
Both are two-dimensional (physical dimensions = and y) to allow for rotated grids.
This routine/method is only called once during the model setup after set_grid.

e set_topography
sets the topography which is given by the two-dimensional (physical dimensions x
and y) integer field kbot. A value of zero denotes land, 1 < kbot < nz denotes the
vertical index of the deepest wet grid point. This routine/method is only called once
during the model setup after set_grid.

e set_initial_conditions
sets the initial conditions for all model variables. This routine/method is only called
once during the model setup after set_topography.

e set_forcing
can be used to set time dependent surface boundary conditions or restoring zones.
This routine/method is called at the beginning of each time step.

e set_diagnostics

can be used to register variables to be averaged. In Python front-end only available
in class pyOM_ave. This routine/method is only called once during the model setup
after all configuration is done.

e set_particles

can be used to initialize the position of particles integrated simultaneously. This
routine/method is only called once during the model setup after all configuration is
done.

The Fortran template routines have to be present in any case, even when they are empty.
For the Python front end, only the methods which are actually changed are necessary. The
following methods are available for the Python front end only

e user_defined_signal

is a method which is called by all processors when the leading processor has signaled
so. Can be used to exchange data for plotting with the GUI versions in parallel
execution.

e make_plot

makes a plot for the GUI version.



3.3 Running and restarting the model

After successful compilation of the Fortran front end, the executable can be found in the
directory ./bin. The executable can be run directly in ./bin or in any other directory.
No further files are needed for a model integration, except for configurations which read
data from specific (binary or netedf) forcing files. For the Python front end, the location
of the module files have to be specified. This is done in the first line of each example in
./py_config.

3.3.1 Running and restarting the Fortran front end

The model integration will start from the initial conditions specified in the configuration
templates and will integrate over a time period specified by the variable runlen which can
be found in main_module. After that period the integration stops and a (or several) restart
file(s) will automatically be written by the Fortran front end, containing the last two time
steps of each model variable. The files are named restart_PE_’my_pe’.dta where the
variable my_pe is identical to the one in main_modules and denotes the ordinal number of
the respective processor.

The restart files will be read automatically when the model is restarted. Note that
the Fortran front end will always try to read a restart file, which then overides the initial
conditions specified in the template configuration routines. If there is no restart file present,
the Fortran front end will use the initial conditions. Note also that at the end of each
integration, any existing restart file will be overwritten.

3.3.2 Running and restarting the Python front end

After initializing the instance of the class pyOM (or derivatives of it) the model is started
by the method run. The length of the run is specified by the parameter runlen for the
method run, the snapshot intervall by the parameter snapint, both in seconds. The
methods read_restart and write_restart are implemented for the Python front end
for reading and writing the restarts in the same format as the Fortran front end. In the
GUI-version pyOM_gui.py, the snapshots and restarts can be written at any time using
corresponding buttons.

3.4 Sample configurations

This is an incomplete list of sample configurations which can be found either in the directory
./for_config or in ./py_config, or in both.

e kelv_helml.py/£90

A nonhydrostatic configuration of a two-layer system with a large shear between the
layers to demonstrate Kelvin-Helmholtz instabilities. The domain is two-dimensional,
i.e. in the z-z plane, periodic in z and y, and there are no surface fluxes at the top
or bottom, but a zone in the westernmost part of the domain, where temperature



and velocity are relaxed towards the initial conditions. The initial conditions are two
layers of equal thickness but different buoyancy moving to the east and relative to
each other. At the layer interface a small disturbance is introduced such that in the
simulation Kelvin-Helmholtz instability will show up.

holmboel.py/£90

Similar to kelv_helml.py/£90 but without relaxation zone and different initial con-
dition corresponding to an Holmboe instability. The initial small disturbance is taken
as the fastest growing mode of a linear stability analysis of the initial conditions.

internal_wavel.py/£90

A nonhydrostatic configuration to demonstrate internal wave beams. The domain
is two-dimensional, i.e. in the z-z plane and in the center a wave maker is placed.
The variable fac can be increased in order to increase the spatial (and temporal)
resolution. The temperature variable of the model is in this case a temperature per-
turbation, the effect of the background stratification on the perturbation temperature
is implemented in the configuration routine set_forcing.

rayleighl.py/f90

A nonhydrostatic configuration to demonstrate Rayleigh-Bernard convection. The
domain is two-dimensional, i.e. in the z-z plane, and the are top and bottom heat
fluxes. The variable fac can be increased in order to increase the spatial (and tem-
poral) resolution.

jetsl.py/£90

A hydrostatic configuration to demonstrate eddy-driven zonal jets. A wide channel
model with relaxation at the side walls and interior damping as in Eden (2010),
simulating strong eddy-driven zonal jets.

eadyl.py/£90

A hydrostatic configuration to demonstrate the classical Eady problem (Eady, 1949).
A narrow channel on an f-plane with prescribed stratification and vertically sheared
background zonal flow. The temperature variable of the model is in this case a tem-
perature perturbation, the effect of the background stratification on the perturbation
temperature is implemented in the configuration routine set_forcing.

eady2.py/£90

Similar to eadyl.py/£90, but the small initial perturbation is calculated from the
fastest growing mode of a linear stability analysis of the initial condition.

accl.py/£90

A hydrostatic model with a channel attached to a closed basin, similar to the Southern
and Atlantic Ocean as in Viebahn and Eden (2010). There is wind forcing over the
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channel part and temperature relaxation driving a large-scale meridional overturning
circulation.

e acc2.py/f90

A hydrostatic model using spherical coordinates with a partially closed domain.
There is wind forcing over the channel part and buoyancy relaxation driving a large-
scale meridional overturning circulation.

3.5 Realistic configurations

Several realistic model configurations can be found in ./setups. Forcing files can be
provided.

e flame_E7/setupl.py/£f90

North Atlantic configuration with horizontal resolution of 4/3° x 4/3° and 45 levels.
Based on the FLAME model configuration used in e.g. Eden and Willebrand (2001).

e global_4deg_45level/setupl.py/£90
Quasi-global configuration with 4° x 4° and 45 levels.

4 Parameterisations and boundary conditions

In this section, the most important sub-grid-scale parameterizations and boundary con-
ditions which are used in the model and also other important aspect of the numerical
implementation are listed and briefly discussed. All references to files containing code are
relative to the directory in which pyOM2.0 is located. All parameters need to be given in
SI units.

Parameterizations or boundary conditions are specified by logical variables which are
either contained in the main module . /for_src/main/main_module.f90 or in the modules
of the respective parameterization. These logical variables are set to a false value by default,
except for some which are noted below.

4.1 Streamfunction or surface pressure

To obtain the pressure in the Boussinesq system of equations it is necessary to solve a
diagnostic relation for the pressure. In case of the hydrostatic assumption with a rigid
lid i.e. w = 0 at z = 0, this relation simplified to one of the surface pressure only.
An alternative formulation involved a streamfunction for the depth-averaged flow as de-
tailed below. Setting the logical switch enable_streamfunction to a true value enables
a streamfunction formalism, otherwise the surface pressure itself is found. The former
algorithm is more stable, but involved a special treatment of island integrals as detailed
below. In both cases an iterative conjugate gradient method to solve diagnostic relations
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is used controlled by the stop criterion congr_epsilon and the maximal allowed iterations
by congr_max_iterations.

It is also possible to relax the rigid-lid assumption and to use a linearized free surface
formulation by the switch enable_free_surface, but then energy conservation is not
given anymore.

4.2 Lateral and surface boundary conditions

Lateral boundary conditions are no-flux boundary condition for tracers and free-slip for
momentum or periodic boundary conditions. The latter can be chosen by setting the
logical switch enable_cyclic_x to a true value in the configuration subroutine/method
set_parameter to apply periodic boundary conditions for all variables in zonal direction.
Surface and eventually bottom fluxes of buoyancy and momentum can be specified in the
configuration subroutine/method set_initial_conditions and set_forcing.

4.3 Conservation of energy

Energy is exchanged consistently between the different reservoirs setting the logical vari-
ables enable_conserve_energy to a true value, which is also the default setting. For en-
ergy conservation, the dissipation rates by all frictional and mixing effects need to be calcu-
lated which considerably increases computing time, such that it might become necessary to
disable energy conservation for specific configurations. This should be done in the template
configuration subroutine/method set_parameter by setting enable_conserve_energy to
a false value.

4.4 Hydrostatic approximation and convective adjustment

The hydrostatic approximation is enabled by the logical variable enable_hydrostatic. It
is true by default, for a non-hydrostatic configuration it needs to be set to a false value in the
configuration subroutine/method set_parameter. Note that when using the hydrostatic
approximation the three-dimensional Poisson equation for the full pressure does not have
to be solved, such that the model integration can be much faster.

Using the hydrostatic approximation, static instabilities are removed by setting the
vertical diffusivity to a large value. This procedure is sometimes called convective adjust-
ment. Using the TKE parameterization by Gaspar et al. (1990) (see below), convective
adjustment is done automatically.

4.5 Spherical coordinates

For realistic configurations, the model can use pseudo-spherical coordinates as specified
below in Section 6. These coordinates are enabled with the logical variable coord_degree,
which is set to a false value be default. For a false value of coord_degree all metric terms
in the momentum equation are set to zero, and the factor cos ¢ or 1/ cos ¢ showing up in
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the differential operators is set to one, otherwise the full equations as specified below in
Section 6 are used.

4.6 Advection schemes

Although the choice of the advection scheme is not a sub-grid-scale parameterisation, it
strongly affects the dissipation in the model and is therefore discussed here as well. It
is possible to choose between the classical second-order central differences scheme as the
default, and a second order scheme with superbee flux limiter. The latter is implemented
by setting the logical variable enable_superbee_advection to a true value in the config-
uration subroutine/method set_parameter. Note that this choice refers to the advection
scheme of the tracers but not to the advection of momentum, which is always the classi-
cal second-order central differences scheme. Note also that the positive definite superbee
scheme introduces a certain amount of numerical diffusion, such that sometimes no addi-
tional diffusion is needed in the model simulation.

4.7 Constant lateral and vertical friction and mixing

Lateral harmonic friction acting on the horizontal velocity (u, v) can be enable by set-
ting enable_hor_friction to a true value and is controlled by the horizontal viscos-
ity a_h. Lateral harmonic mixing acting on the salinity and temperature is enabled by
enable_hor_diffusion and controlled by the horizontal diffusivity k_h.

Vertical harmonic friction and mixing is always present any by default treated by an
fully implicit formulation to allow for large mixing parameter. An explicit formulation for
friction can be enabled by setting enable_explicit_vert_friction to a true value. The
vertical viscosity is set by kappam_0, and the vertical diffusivity by kappah_0. Default
values for all mixing parameters are zero. Note that all viscosities and diffusivities should
be specified in the template configuration subroutine/method set_parameter.

4.8 Bottom and interior friction

Linear bottom friction is enabled by setting the logical variable enable_bottom_friction
to a true value in the configuration subroutine/method set_parameter. The inverse time
scale for bottom friction is given by r_bot. Default value is zero. Quadratic bottom friction
is enabled by enable_quadratic_bottom_friction with parameter r_quad_bot. Adding
interior Rayleigh damping is implemented by the switch enable_ray_friction and the
parameter r_ray.

4.9 Small-scale turbulent mixing closure

A prognostic TKE model for vertical mixing first introduced by Gaspar et al. (1990)
is enabled with the logical variable enable_tke in the configuration subroutine/method
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set_parameter, which then calculates the vertical diffusivities and viscosities. The con-
stant variables kappam_0 and kappah_0 are not used in this case. Several parameter and
additional options can be set, which are documented in ./for_src/tke/tke_module.f90.

4.10 Internal wave breaking closure

The internal wave mixing closure IDEMIX (Olbers and Eden, 2013) is enabled by the switch
enable_idemix in the configuration subroutine/method set_parameter. Surface and bot-
tom forcing has to be supplied by the fields forc_iw_surface and forc_iw_bottom, re-
spectively, which may be set in the template subroutine set_initial_conditions. See
also the example config files. Several additional options can be set, which are documented
in ./for_src/idemix/idemix_module.f90.

4.11 Meso-scale eddy closure

Meso-scale eddy mixing is implemented by along-isopycnal mixing and an additional eddy-
driven advection velocity for tracer, which is usually called the parameterization by Gent
et al. (1995). The corresponding diffusivities are either prescribed as constant values of
calculated using the prognostic EKE closure by Eden and Greatbatch (2008).

4.11.1 Isoneutral mixing

Lateral mixing of tracers along neutral surfaces following the formulation by Griffies (1998)
is enabled by setting the logical variable enable_neutral_diffusion to a true value in
the configuration subroutine/method set_parameter. The isoneutral diffusivity which is
used is either given by the constant variable K_iso_0 or by the diffusivity calculated by
the prognostic EKE closure by Eden and Greatbatch (2008) (see below) if it is enabled.

In case of too steep slopes s of the neutral surfaces, the mixing scheme by Griffies
(1998) becomes unstable. Therefore the isoneutral diffusivity is multiplied by the factor
dtaper giVen by

(1 + tanh ((s. — |s])/s4))

dtaper

DO | —

where the parameter s. and s; are set by the variables iso_slopec and iso_dslope,
respectively. In regions with too steep slopes, the isoneutral mixing is replaced by lateral
mixing using the diffusivity given by K_iso_steep, multiplied with a factor 1 — d;gpe,-

4.11.2 Eddy-driven advection velocity

The additional eddy-driven advection velocity is either explicitly calculated in form of

an anti-symmetric (skew) component of the isoneutral mixing operator following Griffies
(1998), which is the default, or by the Temporal Residual Mean (TRM) form where the
velocities from the momentum equations already contain the eddy-driven components.
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The former version is enabled by the logical enable_skew_diffusion in the configuration
subroutine/method set_parameter. This logical is set to false by default, i.e. the TRM
form is the default. For the TRM form, an additional vertical friction term is applied in the
momentum equation with viscosity K, f?/N?, where N is the local stability frequency, f
the Coriolis parameter. To limit this viscosity in case of vanishing stratification, a fixed
maximal threshold of 0.01 is applied to the factor f2/N?2.

K g, denotes the skew diffusivity, either used for the antisymmetric components of the
isoneutral mixing operator or for the TRM form, and is given either by the constant variable
K_gm_0 or by the prognostically diffusivity of the EKE closure by Eden and Greatbatch
(2008) (see below) if it is enabled.

4.11.3 Prognostic EKE closure

The eddy mixing closure by Eden and Greatbatch (2008) is enabled by setting the switch
enable_eke to a true value in the configuration subroutine/method set_parameter. Sev-
eral parameter for this closure and additional options can be set, which are documented in
./for_src/eke/eke_module.f90.

5 Diagnostic output

Simple text based output is written to standard output (i.e on the screen). More complex
diagnostic output is written by the Fortran front end in NetCDF format following usual
conventions. The output can be easily visualised by e.g. the free software ferret available
at http://ferret.wrc.noaa.gov/Ferret. For the python frontend, graphical output
during the model integration is possible.

5.1 Time step monitor and snapshots of model variables
5.1.1 Fortran frontend

If the logical variable enable_diag_ts_monitor is set to a true value, the model time and
the number of iterations of the two- and three-dimensional Poisson solver is written to
standard output. Also the maximum horizontal and vertical CFL numbers are diagnosed.
The interval of the output is controlled by the variable ts_monint in seconds.

If the logical variable enable_diag_snapshots is set to a true value, snapshots of
the model variables are written by the Fortran front end subsequently to a NetCDF file
pyOM.cdf. Any existing file of this name will be overwritten during model start. The
frequency of the output is controlled by the variable snapint. The value of snapint gives
the number of seconds between subsequent snapshots written to pyOM. cdf.

All diagnostics are inactive by default and need to be enabled by logical variables
in the configuration subroutine set_parameter. The logical variables can be found in
./for_src/diagnostics/diagnostics_module.f90.
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5.1.2 Python frontend

Model time and the number of iterations of the two- and three-dimensional Poisson solver is
written by the method diagnose to standard output in intervals specified by the parameter
snapint given to the method run used to start the integration. pyOM_cdf.py extents
diagnose by output of model variables to the Net CDF file pyOM. cdf with the same interval.

Using pyOM_gui.py extents the diagnosis by online plotting specified in the template
method make_plot. Examples are provided in ./py_config.

5.2 Time averages
5.2.1 Fortran frontend

Time average diagnostic can be enabled by the respective switch enable_diag_timeave in
the Fortran front end. Output is written to the NetCDF file averages_’itt’.cdf where
itt is the time step number, with frequency given by aveint in seconds in the configura-
tion subroutine set_parameter. The variable avefreq gives the frequency of individual
averaging operations and can be larger than the time step. Note that at the beginning
of the simulation, one or several files with names unfinished_averages_PE_’my_pe’.dta
will be read if they exist, which contain unfinished time averages written at the end of
a proceeding simulation with the same configuration. The variable my_pe is the ordinal
number of each processor. At the end of each simulation, the restart files for the time
averaging will be overwritten.

The variables to be averaged are specified in the template routine set_diagnostics.
Examples are provided in ./for_config.

5.2.2 Python frontend

The Python class pyOM_ave.py implements also time averages. The interval is given by
the parameter snapint of the method run. The variables to be averaged are specified in
the template method set_diagnostics. Examples are provided in ./py_config.

5.3 Energy diagnostics

Globally averaged energies and transfer terms can be diagnosed by setting the logical
variable enable_diag_energy to a true value. Output is written to standard out and
in the NetCDF file energy.cdf. The variable energint specified the number of second
between subsequent output. All related variables are averaged between subsequent output
intervals. The variable energfreq gives the frequency of individual averaging operations
and can be larger than the time step.

There is no python implementation for this diagnosis at the moment.

16



5.4 Meridional overturning

Zonally integrated transports above different (potential) density classes are written in in-
tervals overint to a file over.cdf if the logical variables enable_diag_overturning is
set to a true value. Any existing file of this name will be overwritten during model start.
The variable overfreq gives the frequency of individual transport calculations and can
be larger than the time step. The number of density levels, reference depth for potential
density, and range of density values are set in the subroutine init_diag_overturning in
the file ./for_src/diagnostics/diag_over.f90 and might need to be adjusted. Trans-
ports interpolated to the modified density are also calculated, the results corresponds to
the Quasi-Stokes transport streamfunction by McDougall and McIntosh (2001).
There is no python implementation for this diagnosis at the moment.

5.5 Particles

Particles or floats can be integrated using the switch enable_diag_particles in the
Fortran front end. The initial position of the particles is set in the user defined rou-
tine set_particles. Output is written to the NetCDF file float.cdf with frequency
particles_int. Restart are written to and read from particles_restart.dta.

There is no python implementation at the moment.

6 Continuous equations

The relevant equations for a fluid in Boussinesq approximation on an rotating pseudo—
spherical coordinate system are given here for reference and can e.g. be found in Olbers
et al. (2012). For the moment the hydrostatic and traditional approximation are applied
(which will be relaxed below). The primitive equations for momentum are

1
0 s ou = -
@ Ccos @ AP u=fu @ CcoS @

ou = ou— O\Dhyd + % tan ¢ + 0, A,0,u

1 1 2
O = 0v——0gps , OV = —fu— —0pDhya — v tan ¢ + 0,A,0.v
a a a

0 = —d.p—gp/po
with geographical longitude and latitude A and ¢ and velocity components u and v in those
directions, respectively. Note that a factor py is absorbed in the pressure p = p, +ppyq, and
that further frictional terms might be added to the time tendencies du and dv. Vertically
integrating the vertical momentum equation and using a rigid lid yields

0 0 0

/ d:p = —/ dzgp/po =plo—p — P =Ds+ Phyd » Phya = / dzgp/ po
The continuity equation is given by
1
a cos ¢

(O\u+ Og(vecos ) + D, w =0
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which can be integrated to obtain w. We use a conservation equation for salinity S

0SS + (Or(uwS) 4+ 0y(vS cos ¢)) + 0, (wS) = Dg

a cos
where the right hand side terms in Dg are specified later. A corresponding equation for
conservative temperature 6 and an equation of state p = p(95, 0, z) closes the system.

6.1 Surface pressure

The integration constant p, is only known diagnostically. Vertically integrating the hor-
izontal momentum equation and taking the divergence yields a Poisson equation for the
surface pressure p;:

1 1 1 1 0 0
pp— <a)\aCOS th@Aps + 0y cos qﬁahﬁd,ps) = 2coss <3,\ /_h dzou + Oy cos ¢ /_h dzdv)

which can be solved at each time step. Alternatively it is possible to derive a corresponding
equation for a treamfunction. Vertically averaging the horizontal momentum equation and
taking the curl yields

! 0 al/od —al/od ol = ! 81/0d5—01/0d5 )
pp— A - 2 = Oy B 21U COS T Ay - 200 = Oy - 20U COS

which is a Poisson equation for the temporal change of the streamfunction of the depth
averaged flow. An alternative surface boundary formulation to the rigid lid is given by the
implicit free surface. The free surface equation is given by

n 0
&m—i—vh-/ uhdzmﬁtn+vh-/ ’u,hdZ:O

—h —h

where the free surface 7 is related to the surface pressure by ps = gn.

6.2 Pseudo-Cartesian coordinate system

Pseudo-Cartesian coordinates are now defined as x = A/a and y = ¢/a. The relevant
equations become

1 1
ou = ou— C—Oxps , ou= fv— C—axphyd + 1w tan¢ —u - Vu + 9, A,0,u

0s ¢ 0s ¢ a
2
O = 0v—0yp, , ov= —fu—ayphyd— %tan¢—u~Vu+8zAvﬁzv
S = —u-VS+Dg , u-VS= cols.¢ (0x(uS) + 0y(vS cos @) + 0, (wS)
1
0 = pr—, (Opu 4 Oy(vcos @) + O,w
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0 0
0 = — (c%Lhaxps + Oyh cos gbc?yps) + <8m/ dzou + 0, cosqb/ dzév)
—h

cos ¢ —h

I I I I
0 = —0 835—/ dzv—f)y—/ dzu cos ¢ —1—835—/ dzév—f)y—/ dzdu cos ¢
h ), h ), h)_, h ),

0
0 = Phya — / dzgp/po

6.3 Thermodynamics

We use either the 48-term TEOS equation of state or a model equation of state from Vallis
(2006)

p=po/co— poBr(1+7"po)(0 — 0o) — po35(6 — 60)* /2 + poBs(S — So)
with pg = —¢gpoz, and parameters

po = 1024kg/m*® | 6, =9.85°C , Sy =35, g=9.81m/s* , c,o=1490.0m/s
Br=167Tx10*K™" | pr=10""K? | Bs=078x10"" , 4*=1.1x 10"*ms?/kg

The derivatives of density with respect to # and S are given by

0

a—g = fo (—5T + By gpoz — ﬁ*}(@ - 90))
0

% = pofs

Dynamic enthalpy is given by

0
Hd(S70az) = _g/pO/ p(S,Q,Z,)dZ,

= +92/2 (= 4 Bram* (0 ) ) + 92 (B0 — )~ 830~ 00%/2 + 5s(S — 50)

s,0

with

aI{d o g Oap r_ * * <z

20~ ) %dz = g2(—Br — B30 — o) + Pr 9005)

aI—Id o g 0 ap r__

0~ p ) ag® 9
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6.4 Non-hydrostatic terms

The hydrostatic and traditional approximation was applied above. Without these the
momentum equation becomes

Uv UwW
ou = ———0:(Ps + Phyd + Pres) + fv — frw —u - Vu+ —tang — —
cos ¢ a a
u? vw
0,51) = _8y(ps +phyd ‘l‘pres) — fu —u-Vov— ;tangb — 7
u? + v?
8tu} = _azpres + fhu —u-Vw+

plus frictional terms. f, = 2w cos ¢ relates to the horizontal component of the Coriolis force.
Pres 1s the non-hydrostatic pressure contribution, which is calculated from the (uncorrected)
total divergence of the flow. Note that the last terms on the right hand side of the lateral
momentum equations are usually neglected in the pseudo-spherical coordinate system. For
consistency, the metric term in the vertical momentum equation should also be neglected.

7 Discretization

7.1 Numerical grids

7.1.1 Spatial grid

blij+1)
o

v(ij) XX

ob(H,j) ui=1j) b u(iyj) o bli+Li) u(i+1,j)

v(ij-1)

E Ax
Figure 1: C-grid
All variables are discretized on an Arakawa C-grid. Pressure p and density p are
centered in a tracer box. On the eastern, northern and upper sides of these boxes, the

zonal, meridional and vertical velocities are placed. The horizontal grid arrangement is
shown in Fig. 1. Advective fluxes of density across the eastern cell border, Ff;k and the
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corresponding fluxes across the meridional and vertical boundary can be computed as

EE]k = AzAzujp(bijr + biv1k)/2
FZAJ[k = AzAzv;j,(bijk+bijr16)/2

Fie = A2 wiu(bigp + bijnr)/2
Note that this discretisation represents the standard second order scheme, but that other
higher order discretisation are possible. It is also obvious that diffusive fluxes can be
discretised in a similar way. In any case, however, the convergence of these fluxes leads to
a change in density content in the grid cell
2 E E N N T T
(Az”A2)0bi g = (B — FiZojp) T Bk — Fijoag) + (Fije — Fijre—1)

(2

It is clear that fluxes of density across the boundaries must be set to zero. For momentum,
free-slip or no-slip boundary conditions can be used.

7.1.2 Non-equidistant spatial grid

o zt_k+1
Azw_k zw_k
o zt 'k
Azt_k
o zw_k-1
o zt_k-1

Figure 2: Non-equidistant spatial grid

We count all three spatial indices positive in the respective direction. This also holds
for the vertical coordinate. Tracer such as temperature 6 is given at points zt;. Above zt;
ends the grid cell at the level zwy which is given by zwy = (2tr41 + 2t;)/2. The grid box
size for the tracer is thus Azty = zwy, — zwy,_; and we also define Azwy, = 2t — 2t;.
Figure 2 shows the configuration on the grid. The vertical velocity is defined at zwy and
is thus in the center of its box, while the tracer point zt, is displaced relative to the center
of its box for a non equidistant grid. This is sometimes called a u— centered grid. The
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grid in i/x and j/y direction follow equivalent rules. The grid sizes Azt;, Azt; and Ayt;
are specified for each model configuration, from which all levels zt; and zw, and zonal
positions xt;, xu;, etc can be derived. The sea surface is at zwy = 0m, where N is the
number of vertical levels.

7.1.3 Time stepping

To integrate w; an Adam-Bashforth scheme is used but Euler forward for the mixing
terms.

u’;“ =uy + At ((5'u,” + Ajdu” — Aydu Tt — Vhp”H)

mix s

with A1 =1.5+¢, Ay =054+ € and € = 0.1, and where

Ul

u
" = fo"+

1
tang —u" - Vu" — ——0,p7
¢ 05 & Phyd

u’f'L n
o = —fu"— tan ¢ —u” - Vo™ — d,pj, 4
a
5u:tmx = azAvazunJrl + Vh : Ahvhun — ru"
Vi = 0. A, 00" + V- AV 0" — 0"

Similar for T and S.

7.1.4 Array dimensions and parallelization

All physical field quantities are discretized only for the domain of the respective processor,
which leads to full scalability of the code in terms of memory demands. Array dimensions
are of course identical in Fortran and Python front end, but the referencing of the variables
is slightly different. First, Fortran array dimensions are detailed: In the Fortran frontend,
the total zonal (meridional, vertical) dimension is from 1 to nx (ny, nz). The domain of
a processor extends from is_pe to ie_pe in zonal direction and from js_pe to je_pe in
meridional direction, and over the full depth. If there is only one processor is_pe = 1 and
ie_pe = nx and similar for the meridional coordinate. In any case, the actual dimension
of each physical variable extents from is_pe-onx to ie_pe+onx, where onx denotes the
number of overlapping points between domains in zonal direction and is set currently to 2.
The meridional dimension extents from js_pe-onx to je_pe+onx, with identical parameter
onx as for the zonal direction. The overlapping points in each direction are used to store
the respective information of the neighboring processors during memory exchange, which
is done at the end of each time step.

The python module numpy does not allow numerical arrays with other start index as
zero. Therefore, the index of a physical dimension needs to be shifted accordingly to access
the Fortran arrays in the Python frontend. There are many examples how this is done in
the sample configurations.
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7.2 External mode
7.2.1 Surface pressure formulation
To solve for the pressure field for a rigid lid
1 0 0
Op——h0yps + Oyh cos pO,ps = 0, / dzéu + 0, cos qb/ dzdv
cos ¢ —h ~h

is inverted to yield p, at each time step. The following algorithm is used

u;, = uj+ At (fu]

mix

+ Aléu” — Agéun_l)

1 0

Vi hVupitt = AL / dzu*
—h

wtt = ul — AtV pitt

This is identical to MITgem. The Poisson equation is solved with a simple conjugate
gradient solver. Problematic are eigenvalues near zero of the matrix to be inverted in certain
configurations, such the solver diverges. This becomes even worse using a preconditioner.

7.2.2 Free surface formulation

To solve for the surface pressure for a free surface

0 0

s + gV - / updz =0, p =" — gAtV,, - / urtdz

the following algorithm is used

u;, = uj + At (fu

mix

+ Aybu” — Apdun )
0

Py = ep’;—gAch~/ updz
~h

Vi BVt gt = L Ly /Odzu*— i
h hD P - psgAtg_At h i psgAtQ

s gAt?
For € = 0 this becomes the rigid lid version. However, ¢ = 1 converges often much faster.
Problematic are conservation properties.

7.2.3 Streamfunction formulation

Streamfunction v is given by

0 0
1 amliaxaﬂ/, + 3yl cos 0,0 | = 1 81,1 / dzov — 82,1 / dzdu cos ¢
h h h hJ_,

cos ¢ cos ¢ cos ¢ _hn
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with

1 0 0
Cos(b@xw:/_hdzv . — O = /_hdzu

The following algorithm is used

1 1 /[0
Vh-ﬁvhaw” = Vh-ﬁ/ dz (0ul;, + Adu”™ — Asdu™")
- —h

¢n+1 — ¢n+At§wn

or with AB. ¢ is defined on the vorticity grid with

PR —— . . 0 PR pp— . . 0
(wz,] %—1,]) _ / dZUZ'j 7 . Ww %,]—1) _ / dZUij
cos pu;Axt; “h Ayt “h
and
Vh ‘ l /0 dz(su _ 1/hf+17jfdz5vi+17j — ]_/hf] de(S’Ui,j
- h cos pu; Az,
~cos Gtivr /e [ dzéu; j11 — cos ot;1/hi,; [ dzbu;
cos pu; Ayu;
) Wit1.5—%i,5) _ Wii—thioa)
hY | .cos¢u; Azt h?. cos pu; Axt;
V . —V 5 n — i+1,5 J ij J
A v cos pu,; Az,
(Wi j+1—%i,5) (Wi i—vii—1)
cos pu; Ayu;
(Vir1; — Yij) (Vig — tic1y)

hiyy j(cos puj)?Arti Azu; B hi;(cos gu;)? Awt; Az,

L o8Pty (Wigen = Vi) costy Wiy = i)
cospu; hiti Ayt Ayuy  cos ouy b Ayt Ayug

The surface pressure contribution to the forcing is

(pi—i-l,j—i-l - pz’+l,j)/A?/Uj - (pz',j+1 - pij)/Aij
cos pu; Az,
(Piv1j01 — Pije1)/(Axw;) — (pig1y — piy)/(Axu;)

B cos pu; Ayu; =0

Yh . Vhps -

The Poisson equation is solved using a conjugate gradient solver with simple preconditioner
taken from MOM.
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7.2.4 Island integrals for streamfunction

Island integrals can be treated as follows: Consider the vertically integrated momentum
equation

0 0
1/h8t/ updz = 1/h/ dzéu — Vpps = 1/ho, V)
—h —h o

For a closed line integral e.g. around an island, the surface pressure contribution drops

0
/1/hd£-V8tw = /1/hd£-/ dzéu
c - c —h

This relation holds for each island with number n and perimeter C,,. Now we consider the
superposition

U=t @n) + Y in(t)on(@n)

with 1)y = 0 along all boundaries, and v, = const along C,, but v, = 0 along C,,., and
with

1 1 I
Vh . _Vhwn =0 5 Vh . —Vhat¢0 = Vh . —/ dzou
h h - h —h

The first relation is time independent and is solved only once, the second is easily solved
with simple Dirichlet boundary conditions. Using the superposition for ¢ in the island
integrals yields

Z(@tﬂi)/ 1/hde-Vi; = /01/hde-/0 dzau—/c 1/hde - 9,V i,

y Cn ~h

This can be solved for each island integral along C), and yields an algebraic system for all
Oy b

7.3 Discrete kinetic energy
7.3.1 Coriolis term

A way to obtain consistent Coriolis terms is the following from MITgcm.

Al’tl AZEti_H
uij + ... = 0~25(fijm(vi,j + vij-1) + fi+1,jm(vi+1,j + Vit1,j-1))
Ayt cos ¢t ; Ayt;iq cos ot
Ovii 4+ ... = —0.25(f,; ———"Z(u;; i1 L J J i i1
tVij + (fij cos pu; Ayu; (uij + wi-14) + fij+ cos du; Ayu, (i jt1 + Uiz1,j+1))
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or

Ouij 4 ... = 0.25(fi; A5 (vig +vijo1) + fir1 A1 (Viery + vie1-1)) /AL
Ovij + .. = —0.25(fi; Al (wij + wimr ) + fijr ALy (Wigr + wis1j41)) /AL

with
Afj = Ayt;Azt; cos ¢ty , Ay = AytjAzu;cos ¢ty , Aj; = Ayu;Axt; cos gu;

Integrating u? horizontally on the U grid and v* on the V grid we obtain

Zum fig A (g + vigo1) + firrj Al j(Virrg + Vigaio1))
- ZUU f’L] U’Z] + Ui 1]) + fz,]JrlAljJrl(uZ,jJrl + Ui 1,]+1)) =0

by shifting the sums. Thus, the Coriolis term discretized in this way does no work.
The non-hydrostatic additional terms are

Opttije + . = . = 0.25(fR AL (wij + wijr1) + flir jAL ) (Wir1 gk + Wir1 k1)) /AL
ékwijk + ... = ...+ 025( hAztk(um, + ;1 s k) fi};'AZthrl (um,kﬂ + U1717j7k+1))/AZ’LUk

with the horizontal Coriolis parameter f;,. Integrating u? globally on the u grid and w? on
the w grid we obtain

= (FBAL Aty (wige + wign—1) + flig ;AL A2tittige(Wist k + Wis1jr-1))
ijk

+ > (AL Azt (igr + wim1 k) + F AL At ik (s + Uim1 k) = 0
ijk

by shifting the sums.

7.3.2 Metric terms

The metric terms uva™! tan ¢ and —u2a~! tan ¢ are discretized like in the MITgcm as

Opuij + ... = 0.125a " tan ¢t;((uy; + Ui—1,5) AL (Vi 4 Vijo1) + (Uisrj + i) Afy; (Vigrj + Vigr,j-1)) /A
= 0.125a ' tan Ot (Ax; (tij + wi—1,5)(vij +vij-1) + AA%Z:I(UHLJ' + i) (Vit1,j + Vis1,5-1))
Owij + ... = —0.125a" (At tan ¢t (uy; + ui1;)* + AE,jH tan ¢t ;1 (w1 + Ui_l,j+1)2)/A;}j
— _0.125a"" —(isy;zzozjtf tan ¢t (us; + ws_15)°
S
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The non-hydrostatic metric terms in the vertical momentum equation are
@wijk 4+ ... = 0.125(1_1 (Aztk (’LLiJJi» + ui_l,jyk)Q + Aztkﬂ (ui,j,k—i—l + ui—l,j,k-i—l)Q) /Azwk
—|—0.125a_1 (Aztk (Ui,j,k + U@j_l’k)Q + Aztkﬂ (Ui,j,k—i-l + Ui,j—l,k—i—l)z) /Azwk

They should be balanced by corresponding terms in the lateral momentum equations,
which are, however, usually neglected in the pseudo-spherical approximation. Thus, we
also neglect all metric terms in the vertical momentum quation.

7.3.3 Momentum advection

A kinetic energy conserving momentum advection scheme is given by
w-Vu = GUT +§VW)/AL + 5V T ) (Azt, AL)
w-Vo = (U0 + 8§V /AL + 6, W T [ (Azty A)

with Ui = Aytjui, and Vi, = Axt, cos ¢tjv, and W = wAﬁj. Or write as

w Vu = (Fj—F ) /AG + (Fj = Fij0)/Af + 6W T (At A)
FS = 0.25(Aytjuipay + Aytju ) (Uigj + wig)

Fyo o= 0.25x(Axt; cos ¢t;v;41 j + Axt; cos ¢tv; ;) (wi jo1 + Uij)

7.3.4 Vertical dissipation
For the dissipation due to implicit vertical friction ud,A,0.u = 9,A4,0,u*/2 — A,(d.u)* we

obtain
up (Ap(upfy — g ™) [Azwg = Ao (up ™ — 1) [ Azwy) /Aty =
0.5( Ak (upiiug, — up )/ Azwy — Apoq (Ui uf — wftlul )/ Azwy_y) / Azt
—O.5(Akuz+1uZ/Azwk + Ak_luZHuZ/Azwk_l)/Aztk
+(Agupupty | Azwy, + Ap_rugudty  Azwg_q) [ Azty,
—0.5(Apuptiup,  /Azwy + Ap_qupiup JAzwg_q) [ Azty,

so a flux of KE
0.A0.u*/2 = O.5(Ak(uz+1 —u?)/Azwy — Ap_1(ui — uz_l)/Azwk,l)/Aztk;

and a dissipation term

—(Apup g ) Azwy, + Apud Tl Azwi_y) + (At [ Azwy, + A qufult /Azwg_y)

= Apup(upfy — ™) [ Azwg — up Ao (up ™ — )/ Azwey = wi (Fy — Fio)

plus
+(Apurups1/Azwy + Ap_yupug—1 / Azwi_y) — (Agui g/ Azwy, + Ap_1ui_y /Azwg_)

= —Uk+1Ak(uk+1 — uk)/Azwk + uk,lAk,l(uk — kal)/AZU}kfl = —’U,k+1Fk -+ uk,le,l
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such that

—A(@Zu)2 = —0.5<<Uk+1 — Uk)Fk + (Uk — kal)kal)b/AZtk <0

and similar for v. At the surface and the bottom the fluxes out/in the domain should be
taken out of the dissipation. At k =1

uk(Ak(ukH — uk)/Azwk — Fb)/Aztk =
05<Ak(ui+1 — ui)/Azwk)/Aztk — uka/Aztk — O.5(uk+1 — uk)Fk/Aztk

and at k=N

uk(Ft — Ak,l(uk — ’Lbkfl)/AZ’U}kfl)/AZtk =
upFy Azt — 0.545 1 (u} —ui_ )/ Azwp_1/ Azt — 0.5(up, — up_1) Fr_1/ Azt

Integrate over z

N-1
05(%2 — Ul)Fl + Z O5((Uk+1 — Uk>Fk + (Uk — Uk,1>Fk71> + 05<UN - uNfl)FNfl =
k=2
N-1 N-1
05Fkuk+1 — ZOSuka+ZO5Fk 1uk—20 5uk 1Fk 1 —ZFk 1 uk—uk 1)
k=1 k=1 k=2 k=2 k=2

N-1
Fo (w1 — uyg)
=1

with Fy = Fiy = 0. In the TKE equation on the W grid it is thus adequate to add

Fy(upyy — ug)/Azwy

as forcing by vertical dissipation.

7.3.5 Dissipation by Rayleigh friction

Rayleigh friction —ru in the momentum equation yields —ru? — rv? as energy sink. The
discrete form interpolated horizontally on T' grid is

Sz_]k - _TO5(U?’]’k + u?fl,j,k‘) - T05(UZ2,],]€ + U??,jfl,k)

Integrate vertically

N N

k=1 k=1
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Integrate also on W grid

N-1
0.5AZUJOSij1 + Z 05(ka -+ S@j,kH)Azwk + O.5AZ@UNSUN
k=1
N-1 N
= 0.551']"1 (AZ’U}U -+ Azwl) + 0.5 Z Sijk<AZU)k + AZIU]Cfl) + 0.55'1-7]-7N(Asz,1 + AZ'LUN) = Z SijkAZtk
k=2 _

with zwy, = (2tkp1 + 2t) /2 and Azwy, = ztg1 — 2t and Azty = zwy — 2wy = (2t —
ztr—1)/2 and 0.5(Azwy, + Azwg_1) = 0.5(2tk1 — 2tr_1) = Azty. It is thus adequate to
add

A
—0.5ﬁ5@'1 - 05(5”1 + Si’j’g) fork=1 y 05<Szﬂc + Si,j,k+1) for k = 2, N -1 , — SijN fork=N
1

in the TKE equation as forcing, since we do not want to integrate k = 0 for TKE.

7.3.6 Lateral dissipation
For the lateral friction terms uVA - Vu =V - AVu?/2 — A(Vu)?* we consider

VA-Vu=(F;—F,;)/(cospt;Avu;) + (F; — F;_1)/(cos ¢t;Ayt;)
with

FS = Aij(uir1y — wig)/(cos pt;Axtiy) , FYy = Ay — uiz)/Ayuj cos gu;

Z7J

and thus

wii(Fij — Fi2 ;) =
A (uipr; — wij)/(cos ot At ) — Aiquij(ui; — w1 j)/(co sqﬁt Axt i) =

0.5(Ai (g, ; — ulj)/(cos gt jAwtiyy) — Ay (uf; — ui_ 1])/((:05 ot;Axt;))

—0.5A4;u?,, J/(cos ot;Axt; ) + A; u”uzﬂ i/ (cos ¢t;Axti ) — 0.5Au7 ;/(cos pt; Awtiyy)

—0.54;1uf ;(cos dtjAxt;) —0.54; uZ 1,/ (cos ¢t Axt;) + Al_lu”ul_lﬂ/(cos ot;Axt;)

uii(Fh — 7y )/ (cos ¢t jAzu;) = 9, ADyu® /2

—0.5(uit15 — wij) Fy; /(cos gt Axu;) — 0.5(ui; — ui1 ) Fi2 g ;/(cos gt Axu,)
and for F}

wii(FY; — FYy ) = wij(Ai(wi g — i) [ Ayugcos guy — A i1 (wij — wij-1)/Ayu; 1 cos pujy
uii(FY, — FY. 1)/ (cos ¢t; Ayt ;) = 0,A,u’ /2
—0.5(w; jy1 — uij) i/ (cos ¢t jAyt;) — 0.5(ui; — wij1)F; 1 /(cos dt;Ayt;)
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so that
A(Vu)? = 0.5(uirr; — wig)FE + (uij — w1 ) FE [ (cos ¢t;Axu;)

+0.5(wi 1 — wig) FY 4 (g — wij—1)FY;_y [(cos ot Ayt;) >0

and for v with

VA Vv =(F;—F.;)/(cos pu;Axt;) + (Fzyg — F;_1)/(cos pu;Ayuy)
= Ai(uiyr; — uij)/(cos puiAru;) , FYy = Ai(uijin — wig) /Ayt cos ¢t

2y

yields

A(V’U)2 = 0.5(1)1‘4_1’]' - Ui,j)ﬂ?’ + (U@j - Ui_17j>F-ﬂC ;/(COS ¢UJA$tZ)

i—1,5
+0.5(vi i1 — vig) Fj

+ (0 — vij—1)FY; .y [(cos puAyu;) > 0

For free slip fluxes are simply zero at the boundaries, for no-slip things are more compli-
cated. Vertical interpolation on W grid as for Rayleigh friction.

7.3.7 Buoyancy work

Pressure work is

B = —uj(pit1,; — pig)/ (Azu;cos ¢t;) — vij(pijr1 — pij)/ Ayuy”
and for
—u-Vp=-V-(up)+pV - -u=-V-(up) — po,w =—-V - (up) — d,pw + wo,p
we get for V - (up)
(FZ - Fz‘x—l,j)/(Axtz’ COs Cbtj) + (Ff_/; - ngfl)/(Ayt]’ COS Cbtj)
with
EL = (pij + piv1j)/2uij , F = (pij + pij1)/20i5 cos pu,
Continuity equation is given by
(wp — wr—1)/ Azt + (Wi j — wim1,jx)/(cos pt;Axt;) + (cos pu;v; jx — cOS Pu;_1v; j—11)/(cos pt;Ayt;) =0

Simpler for constant Az, Ay

(pz'+1j - pij) b (pz'j+1 - pz'j)j
A4 _ PP LY L EA PR R 1A
u-Vp Ujj Ar + V4 Ay
— 0.5u; (pz'+12— Pij) + 0.5y (Pi; _Api—l,j) +0.50; (2%’,]’41_ Pij) + 0'51)@],_1(19”;#—1)
T T Y Yy
(pit1; + pij) (pij + Pi-14) Dij Pig

= 0.5u;;———=——% — 0.bu;_q ;—F——— — U= i1

i Az Him Az uij—i—u 1’ij+

= V- (up) + Dij (wk — wk,l)/Aztk
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When we sum the last term over &

N- N- N- N:—1
Z Aztppr(wy — wy—1)/Azty, = Zpk:wk - Zpkwk—l = pNWN + Z (Pr = Prt1)wi
k=1 k=1 k=2 k=1

or we write

u-Vp = V. (up)+ (0.5(prt1 + pr)wr — 0.5(pk + pr—1)wi—1)/Azty,
+(—=0.5(pr+1 — pe)wr — 0.5(pr — pr—1)wi—1)/ Azt
now use 0.p = —gp/po, or (Pr+1 — Pr)/Dzwe = —0.59(pr + pr+1)/po

Azwy_q
Aztk

Azw
w-Vp = V- (up)+0.(pw) + 0-259/po(?t:(pk+1 + pr)wg +

(P + Pr—1)wr—1)

With V - (up)

(Ff; - Fﬁl,j)/(Ax) + (Ffj - E%j—l)/(Ay)
= 0.5((pig1,j + Dij)uis — (Piyj + Pim1,j)%i-15)/ A2 + 0.5((psj + Pijr1)vij — (Pij—1 + Dij)Vij-1)/ Dy
with

Fl? = 0.5(pit+1,5 + Pij)uij Ffj = 0.5(pij + Pij+1)vi
and with V - u

(Wi — Wit i) /A + (Vije — Vijo1k)/ Ay = —(wg, — wi_1)/Azty,

7.4 Discrete potential energy and dynamic enthalpy
7.4.1 Potential energy
Potential energy P = gpz/py is given by

d
P +V - -uP = gd—fZ/po + gpw/po = 0:(9/poKy20.p) — g/poK,0:p + gpw/po

With non-linear equation of state we have

dP
@t pi(szazKazT + 2p50:K0.5) + gpw/po — g2 pyw
0

The term —g*2zp,w results from advection since

prol + pru - VO + ps0S + psu - VS = pg0,(K0,S) + pro,(K0.0)
dp dp
dt dt
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with
dp_ db dS  dp
at P TPy TPy

It is an exchange with mean dynamic internal energy and drops for dynamic enthalpy. The
right hand side can be written as

dP
= i(azZpTI<aztr + azZpSKazS) — if((pTasz -+ pSazS)
dt Po Po

- 9K (0.T0.pr + 0,50.ps) + gpw/po — g*zpyw

Po

The first term is a flux, the second the usual exchange with TKE, the third term is cabelling.
For the equation of state by Vallis it becomes negative (see below).

7.4.2 Dynamic enthalpy

For an incompressible equation of state dynamic enthalpy Hy; = —¢g fzo p(S,0,2")/podz’ is
identical to potential energy, since p does not depend on z

0
Hy = —gp(S, 9)/po/ dz' = gpz/py = P

With compressibility we find

d _do _ dS
poaHd(S,H,Z) = 9pw —gpr o — 9Ps

= gpw — 9.(9prK0.0) — 0.(9psK0.S) + gK0.00.pr + gK0.50.ps — gprd — gpsS

d . .
—Hy(S,6,2) = %w +O.(HrK.0) + 8.(HsK9,8) — K0,00, Hr — K0,80,Hg + Hrf + HeS
0

with pp = fzo pr(S,0,2)dz" = —(po/g)0Hz/00. Using

~ _ op op _ .
azp|z,y = azp|S,H + %‘S,zaze + %‘9,2825 =—p+ p@aze + pSazS
The exchange terms become
K0.00.pr + K0.S0.ps = —prK0.0 — psK0.S + prrK(0.0)* + 2prsK(0.5)(0.0) + pssK (0.S)

The first two are the usual exchange with TKE, the remaining three are cabbeling terms.
For the equation of state by Vallis (2006), only the first of the cabellling terms is active
and prrK(0.0)* < 0 since prr = —pof5 < 0.
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7.4.3 Exchange of potential energy with TKE for a linear equation of state

On a discrete level this becomes

0,K,0.p = (F} — F_|)]Azty, , F{ = K} (pr+1 — pr)/Dzwy
20,K,0,p = ztp(F — F[_|)/Azty,

= ((ztg + 2trs1)/2FF — (2ty + 2tp—1) [2F) )] Azty,

(2t J2F) — 2t )2F) )/ Azt — (2t J2F) — zt—1/2F] )/ Azt
= (zwpFf — 2w F )/ Azt — (Azwp Ff + Azwy 1 Ff )/ (2Azt)

with zwy = (ztg1 + 2tg)/2 and Azwy, = 2ty — 2t;. The second term is the exchange
with TKE, the first is a flux divergence. Integrating the second term over z

N—1
052 (Azwi FY + Azwp1 Ff —O5ZAzkap+O5ZAzwk 1FP | = 05Azwn FR, —i—ZAzkap
k=1 k=1

and the first also

N N N-1
E (zwi FY — 2w Ff ) = E 2w Ff — E 2w Ff = zwnFy =0
k1 k=1 k=1

since zwy = 0. Check by summing

Zztk Fp k 1 —ZtNFp ZAzkap

The forcing which enters the TKE equation defined on W grid is then simply
Flfork=1,N—-1, F{fork=N

It is possible that the surface density flux F% drains out the TKE at the surface. This is
because we need to mix the first layer, and this energy has to be taken from somewhere.
We need to increase the TKE forcing or to reduce the surface density flux in such a case.

7.4.4 Exchange of potential energy with TKE for a nonlinear equation of state
With a nonlinear equation of state we have
2pr0.KO.T = 2t (pr)i(FF — FL )/ Azt

= ((zts(pr)i + 2tera (pr)er1) /2F — (ti(pr)k + 2tk (pr)r—1)/2F_y) [ Aty
+(ztu(pr)n/2E] — 2te(pr)n/2F 1) [Azty = (zti (pr)ien 2F] — 2t (pr)k—1/2F; 1) [ Azty,

and similar for S. The first term is a flux which integrates to zero, since

=

0.5 ((ztelpr)i + 2tisa (pr)i)) F = (2tu(pr)i + 2tea(pr)e-1) L) =

0.5(ztn (pr)n + 2ty (pr)v ) Fy = zwon (pr)n Fy = 0
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for Opr/0p = 0. For compressible equation of state there is a flux. The second can be
written as

— (2t (pr)ier — ztulpr)e) Fy [ (2082t1) — (zte(pr)i — 2ti-1(pr)i-1) F_1/ (2Dz2t)

Integrate over z

N
—0.5> (ztia(pr)isr — 2tulpr)e) B — 0.5 ) (zti(pr)k — 2tia(pr)i—1) Fiy
k=1 k=1

N-1
= —0.5(pr)vAzwun Y = Y (ztera(pr)ess — 2te(pr)e) B
k=1

The forcing which enters the TKE equation defined on W grid is then

(2tr1(pr) kg1 — 2te(pr)r)

Asur Flfork=1,N—1, (pr)nFy for k=N

7.4.5 Exchange of dynamic enthalpy with TKE

With compressibility we find

d

o Ha(5.0.2) = gpw — gprd.(K9.0) — 9ps0.(KD.5)

= gpw — az(g;aTKaze) - 8z<gﬁSKazS) + gKazeazﬁT + gKazsazﬁS
with pp = fzo pr(S,0,2")dz". On a discrete level this becomes
pro.KOo.T = (pr)u(Fy — FL,)/Azty

= (((pr)k + (Pr)ks1) /2F = (50 + (Pr)r—1) /2F 1)/ Azty,
—0.5[(pr)ke1 — (pr)ul Y Azt — 0.5[(pr)x — (pr)r ] Fi_ Azt

and similar for S. The first term is a flux, the second the exchange with TKE. Integrating
the flux term over depth yields

0. 52 )k + (p1)k+1) Fre — (A1) + (Pr)k—1) Fri]

=0.5) ((pr)x + (pr)a+1)Fy — 0.5 Z((ﬁT)kH + (pr)i)Fe = 0.5((pr)n + (pr)n+1)Fy

which only vanishes if dp/0p = 0. Integrating the second over depth yields

—052 )kt — ( 052 Je-1]Fiy
N—-1

= —0.5[(pr)n+1 — (Br)NIER — > _(pr)ies — (br)el B

n=1
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The forcing which enters the TKE equation defined on W grid is then

(Pr)rs1 — (ﬁT)kaT fork=1N—1, — [(pr) w1 = (pr)w|Fy for k = N
Azwy, Azwy

At the surface, the flux contribution adds to

2(5T)NFN

Avuon fork=N

7.4.6 Exchange with TKE by horizontal diffusion

Horizontal diffusion of 7" and S also affects potential energy for a non-linear equation of
state.

0. K0, T = (Fz - Fz‘+1)/A$ti , Fi= Ki(Ti-l-l - Tz)/AxUz

pr20. K0, T = (pr)iz(F; — Fiy1)/Axt;

= z(((pr)i + (pr)is1)/2F; — 2((pr)i + (pr)i-1)/2Fi-1) [ Axt,

+2((pr)i/2F; = (pr)i/2Fi-1) | Axt; — 2((pr)is1 [2F; — (pr)i-1/2Fi-1) [ Aat;

and similar for S. The first term is a flux divergence and integrates to zero. The second
term can be written as

—2((pr)ivs — (pr)i) i/ (282t;) — 2((pr)i — (pr)i—1) Fie1/ (28at;)

This forcing has to be interpolated to the W grid as for the frictional terms. The sign of
the forcing

pr20, K0, T = 0,(przK0,T) — 2zK0,TOppr = 0.(pr2K0,T) — 2K (9.T)*prr

depends on the sign of prp. For the equation of state by Vallis (2006) we have prr =
—poPrs < 0 and thus

—zK(@xT)QpTT <0
It is thus always a forcing of TKE.

7.4.7 Exchange by isopycnal diffusion

The isopycnal diffusion operator in small slope approximation is given by

with
1 0 Sy 0 0 — Sz
K = K, 0 1 Sy + Ky 0 0 —sy
Se Sy S2+ sf, Sy Sy 0



with the isopycnal slopes s, = —0,p/0.p and s, —0,p/0,p. The effect of dynamic enthalpy
is given by

d
pOEHd(Sv 0,2) = gpw—gprV - KV —gpsV-KVS
The isopycnal mixing part can be treated as for horizontal fluxes and vertical mixing. This
also holds for skew the diffusion. The discrete functional for the flux KVT by Griffies et
al is used for isopycnal mixing and skew diffusion. The vector streamfunction B for the
eddy driven velocity V x B is given by

—K g8y —0.K g5z
B = Kymse , VxB= —0,Kymsy
0 0u K g5z + Oy K gm sy

7.4.8 Exchange by advective fluxes

Accept for a change in sign, the advective fluxes behave the same as the diffusive ones.

. _ (pr)iFi = Fia) — ((pr)i+ (pr)is1)/2F: — ((Pr)i + (Pr)im1) /2Fi
_pTax(UT) - A.Q?tl - Al’tl
+((ﬁT)z’+1 — (pr)a)Fi + ((pr)i — (pr)i—1) Fia

where F; is the advective zonal flux. The first term is a flux which integrates to zero, the
second is an exchange with TKE. For the vertical flux we have

—pr0,(wT) = =0,(prwT) + wT0,pr = —0,(prwT) + wT (—pr + prro.0 + prsd.S)
= —(pr)(F — F_))/Azty
() + (pr)rr1) B = ((pr)k + (pr)i—1) iy
2A2tk
[(pr)err — ()R] EE + [(Pr)k — (Pr)r—1]Fyy
QAZtk

+

where F} is the vertical advective flux. Using
azﬁ‘x,y = —p + ﬁ@aze + ﬁSazS
The equation of potential energy P = gpz/po in the model

OP = gpw/py+V-(.)+KN?+ (—g/poaz(sz)Kazﬁ — g/ po0.(2ps)K0,S — KNQ)

—3g/poz(prV - (ud) + psV - (uS) + p,V - (upy) — V - (up))
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The equation of dynamic enthalpy H = —g/po fzo pdz" in the model
OH = gpw/py+V - () + KN?+ [g/pod.(pr)K9.0 + g/ pod:(ps) K0S — KN|

—(=9/poprV - (ud) — g/popsV - (wS) + g/popw — V - (uH))

7.4.9 Exchange of potential energy with mean kinetic energy
Now calculate

2(0ip 4+ V - up) + 0,wpz = z(Op + V - up) + 0.5(wi(pr + prs1)zwr — wi—1(pr + pr—1)2wy—_1)/Azty
= 2(0p + V - up) + 2040.5(wi(pr + prr1) — we-1(pr + pe-1))/ Dzt

—2140.25(wi ok + prt1) — w-1(px + pr-1))/ Azt

+0.25(wk(pr + pra1)2tisr — We—1(pr + pr—1)zte—_1)/Azty

=2(0p+ V - up+ 0, wp)

+0.25(wk (pr + prr1) Azwy, + w1 (pr + pr—1)Azwg_1)/Azty

dP d
g/po = Q/Poz—p — 0.5(wk(Pr+1 — Pr) + Wi—1(Pr — Pr—1))/ Azt

with zwy = (2tgy1 + 2tx) /2 and Azwy = 2ty — 2ty and with with (pry1 — pr)/Azwy =
—0.59(px + pr+1)/po- The second term is the exchange with KE. Or different
2(Op+ V - up) + O,wpz = 2(0pp + V - up) + 0.5(wy (2t pr + 2ter1ppr1) — Wr—1(2tepr + 2te—106-1)
= 2(0ip + V - up) + 2t30.5(wi(pr. + pr+1) — wr—1(px + pr—1)
+0.5(wk 2t g1 Prr1 — Wr—12tk—1pp—1)/ Azt — 2850.5(Wkprr1 — Wi—1pk—1

)
)
)
)

= 2(Op+ V - up + 0,wp) + 0.5(wrpri1Azwg + pr_1wp_1Azwy_1)/Azty,

We integrate over z.

N

9/p0/4 > (wilpr + pre1) Azwy + wi1 (o + pr1)Azwg 1)
=
N N

= Q/Po/4z We(pr + pry1) Azwi + g/ po/4 Z Wi—1(pr + pr—1)Azwi_1 =
k=1 k=2

N-1

= g/po/Awn(px + pn 1) Azwn + g/po/2 Y wilpr + prsr) Azuwy
k=1

N-—1
= —wN(ps - PN) - Z wk(pk—l-l - pk)
k=1

Or different

N N-1

9/ po Z 0.5(wrprr1Azwg + pr_1wr_1Azwy_1) = g/po0.5wnpN1AzwN + g/ po Z 0.5wg (pra1 + pr) Azwy

k=1 k=1
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The exchange in the KE budget becomes

N N-1 N-1 N-1 N-1
Zpk(wk — Wp-1) = Z Prwi — Zpk:—i-lwk = Z wi(Pk — Prt1) = 0.59/po Z Wi (Pk + prv1) Azwy
k=1 k=1 k=1 k=1 k=1

with (pry1 — pr)/Azwr, = —0.59(pr + pr+1)/po, and is thus identical.

7.4.10 Exchange of dynamic enthalpy with mean kinetic energy
For dynamic enthalpy H = —g/po fzo pdz" we have

dH A AT dS TS
Podt gpdt ngdt gpsdt_gp ngdt gpsdt

On a discrete level this becomes

aZ<HU}) = 0.5(wk(Hk+1 + Hk) — wk_l(Hk + Hk_l))/AZtk

7.5 TKE equation and vertical mixing
The TKE equation is given by
O F = 0,50, FE — cEE3/2/L — N?6p + b (02up)? + Ap(Vauy)?

with K, = ct LEY?, ke = Qupekim and kj = ki /P, with P, = 6.6Ri and 1 <= Pr <= 10.

7.5.1 TKE at W points

TKE FE is defined at W points. Similar for EKE and internal wave energy. Both vertical
diffusion of F and dissipation are treated implicitly. Discrete form is given by

(Ef — EP Y/ At = (Fy — Fpo1)/Azwy, — ¢ ERERY)Y2 /L 4 P

with F, = kp(Ep,, — E})/Aztiq and K = 0.5((Ke)r+1 + (Ke)r), and Py forcing from
dissipation and buoyancy work. Rewrite as

IikAt I{k_lAt

Ep (14 cA(E D)2 /L) — (Bpyy — Eg)m + (B — E/?q)m = E7' 4+ PAt
or
AvE}_| + BLE} + OB}, = B} + PAt
Ok _ Ok Ok—1 Ok—1
Cp=— B =1+ ¢ At(EP"DHY?/L A = —
F Azw, = " e AHERT) /L Azwy, + Az, " Azwy,
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with 0 = A";ﬁil. At k = 1, near the bottom we have

AyER_ + ByE} + CLE, = B}~ + PoAt — By At/ Azwy,

_ O, _ n—1y1/2 O,
Cy = Avwy Bp =14 cAt(E} ) /%/L+ Azwn

, Ay =0

F, is the TKE flux at zt; = —h + Az;/2, which is not at the bottom. At k = N, near the
surface, the W grid box is only half thick. We have

) § i . At
AvER | + BREp + ChE}y = B + PAL + F80.5Azwk
5 Ok—

0.5Azwy, * " B T 0.5A2wy
where F} is the surface flux of TKE. A Dirichlet boundary condition looks like

(Sk 5k—1

B+ ecM(BEP /L)~ (Bawy = B) g + (B} = B gpp o = Bi -+ Pl
n n n n—1 519
AkEkfl + BkEk + CkEkJrl — Ek; + P]cAt + Esm«fm
. k
0 Op— Op—
Cph=0, By=1+cAt(EP"H?/L K k1 A, — Okl
F ok e AHET) T/ L+ 0.5A zwy, * 0.5Mzw, " 0.5A zwy,

7.5.2 Advection for tracer at W grid

We advect tracer on the W grid such as TKE with the following lateral advection velocity

Ui,j,k = 0.5Aztk+1/Azwkuk+1 + O.5Aztk/Azwkuk
Uijr = 05Aztp/Azwpugsr + Azt /Azwpuy, , k=1
Ui,j,k: = 05Aztk/Azwkuk s k=N

and similar for V. In case of topography U and V have to be redirected at the bottom.
The vertical velocity is given by continuity

Wik = Wik — Azwi (Ui jr — Uiza i) /Axt — (Vijk — Vij—1k)/Ayt;)

For w and v it holds from the streamfunction formalism that

N N
0= Azty ((uijnr — i1 jn)/Dwt; + (uijue — wijork) [Ayty) = = > (Wijk — wijr-1) = —Wi;n
n=1 n=1
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suppressing the cos factors. The same has to hold for U and V

N-1
—ZAzwk Wi — Wi_1)/Azwy, = ZWk + Z Wi =
n=1 n=0
N
~Wiin = Z Azw (Ui j — Uiy ji) | Axt; + Z Azwi(Vijg — Vijork)/Ayt; =
n=1 n=1
N-1 N
Z O.5(ui,j,k+1 - uifl’j’k+1)AZtk+1/A$ti —+ Z O.B(um"k — ’U,i,Lj’k)AZtk/Axti
n=1 n=1
N-1
+ Z 0.5(Vi j k1 — Vij—1ge+1)D2tir1 /Ayt + ZO 5(vi ik — Vij—1k) A2ty /Ayt
n=1 n=1
+0-5(ui,j,1 — Ui,17j71)AZt1/Al’ti + 0.5('1]2'7%1 — Ui7j,171)AZt1/Aytj

=0

7.5.3 Implicit vertical mixing at 7' points

Consider a tracer E defined at T points such as temperature. Vertical diffusion of F is
treated implicitly. Discrete form is given by

(Ep — BN /At = (Fy, — Fi1)/Azty — E} + Po(E™)

with Fy, = kp(Ep, — Ef)/Azwy, with a parameter I; and Py, containing other explicit
terms. Rewrite as

[ WAV
Azwi Azt

likflAt

E(1+ LAt) — (B, — EY) Azwy_1Azty,

+(E} — E ) = E} ' + PAt

or

AvE}_| + BLE} + CLEL, = B} + PuAt
O Ok Ok—1 Ok—1

k Aztk ’ F + +Aztk+Aztk ’ F Aztk

with , = ”’“At . At k =1, at the bottom we have

ALE} | + ByE} + CyE},, = B} + PuAt — F,At/Azty,

O 5
Cp=———, By =1+ 1At AL =0
F} is the flux of E at 2wg = —h. At k= N, at the surface, we have
At
173
51{: 1 5k_1
C,=0, B,=1+ I,At , A= —

F, is the flux of F at zwy = 0.
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ified. The same holds for some auxilliary routines.
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